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The theoretical treatment of quasi-periodically driven quantum systems is complicated by the
inapplicability of the Floquet theorem, which requires strict periodicity. In this work we consider a
quantum system driven by a bi-harmonic driving and examine its asymptotic long-time limit, the
limit in which features distinguishing systems with periodic and quasi-periodic driving occur. Also,
in the classical case this limit is known to exhibit universal scaling, independent of the system details,
with the system’s reponse under quasi-periodic driving being described in terms of nearby period-
ically driven system results. We introduce a theoretical framework appropriate for the treatment
of the quasi-periodically driven quantum system in the long-time limit, and derive an expression,
based on Floquet states for a periodically driven system approximating the different steps of the
time evolution, for the asymptotic scaling of relevant quantities for the system at hand. These
expressions are tested numerically, finding excellent agreement for the finite-time average velocity
in a prototypical quantum ratchet consisting of a space-symmetric potential and a time-asymmetric
oscillating force.
I. INTRODUCTION
Quantum systems driven by a periodic perturbation
are ubiquitous in physics [1–3]. Their theoretical treat-
ment is greatly simplified by the Floquet theorem, which
reduces the time-dependent problem to an essentially
time-independent one. Quasiperiodically driven systems
are also of great interest, for the unique features they ex-
hibit with respect to its periodic counterpart. In this case
the theoretical treament is a lot more cumbersome, due
to the fact that the use of Floquet theorem is strictly lim-
ited to periodic systems, and cannot be directly applied
to quasiperiodically driven system.
In this work we consider quantum systems driven by
a bi-harmonic quasi-periodic drive, though the results
can be easily generalized to include drives with more
harmonics. We specifically examine the long-time re-
sponse of the system to the driving, as it is in this limit
that quasi-periodic system exhibits features distinct from
their periodic counterpart. We derive an expression for
the finite-time response of the system, valid in the long-
time limit and based on periodically driven states, which
precisely capture all essential features of the response of
the system. The theoretical framework introduced here
has a broad validity, and is of direct relevance to a sys-
tem consisting of a Bose-Einstein condensate driven by a
bi-harmonic force, a system which has been extensively
explored theoretically [4, 5] and experimentally [6–8] in
the case of a periodic forcing.
This work is organised as follows. In Sec. II we intro-
duce the model and definitions. In Sec. III we revisit the
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asymptotic theory for classical systems [9, 10] which will
be useful as an introduction to the quantum case, fully
discussed in Sec. IV.
II. THE MODEL
We consider a particle of massm, subject to a spatially
periodic potential V (x) with period L, i.e. V (x + L) =
V (x) for all x. The particle is driven by a force depending
on two frequencies, ω1 and ω2, i.e.,
F (t) = f(ω1t;ω2t+ θ), (1)
where f(x1, x2) = f(x1 + 2π, x2) = f(x1, x2 + 2π) —it
is periodic in both its arguments— and θ is the driving
phase, a parameter that can be tuned to control the sys-
tem’s response. We are interested in the time average of
some quantity describing the particle’s state, namely, the
particle’s average velocity vTs
vTs =
1
Ts
∫ t0+Ts
t0
dt v(t), (2)
where v(t) is the instantaneous velocity at time t, Ts is
the observation time, and t0 the initial time. Our focus is
on the asymptotic limit, in which universal scaling is ex-
pected to occur, thus the particle’s velocity is computed
in the infinite time limit Ts →∞.
III. ASYMPTOTIC THEORY FOR CLASSICAL
DRIVEN SYSTEM
In this section, we show how for the classical case, in
the asymptotic limit, the finite-time average velocity of
2the particle under a driving with two generic — not nec-
essarily commensurate — frequencies ω1 and ω2 can be
expressed in terms of the particle’s infinite-time veloc-
ity under a periodic driving. In the following, we denote
as vpq the particle’s infinite-time velocity—Eq. (2) with
Ts →∞—when the driving is periodic, i.e., ω2 = ω1p/q,
with p and q integer coprimes. The asymptotic theory,
first derived in [9], will be then extended to the quantum
regime in the following section. Precisely, we show below
that in the asymptotic limit given by
Ts →∞, (ω2 − ω1p/q)Ts = constant, (3)
— i.e. ω2 → ω1p/q — the finite time current vTs can be
approximated by
vTs ∼
1
δω2Ts
∫ θ0+δω2Ts
θ0
dθ˜ vpq(θ˜), (4)
where
δω2 = ω2 − ω1p/q , (5)
and
θ0 = θ + δω2t0 . (6)
Equation (4) provides the dependence of the finite-time
current on the second (or first) driving frequency, in
terms of the infinite-time velocity under periodic driv-
ing.
To derive (4), we divide the interval between t0 and t0+
Ts into large sub-intervals of length T˜ , each containing
many driving cycles, thus we can express the finite-time
average velocity as
vTs =
1
Ts
∫ t0+Ts
t0
dt v(t) ∼ T˜
Ts
∑
j
1
T˜
∫ t0+(j+1)T˜
t0+jT˜
dt v(t).
(7)
Here T˜ is chosen as T˜ = NT , with N a large number, and
T = 2πq/ω1, the driving period when ω2 = ω1p/q. We
can take N as an integer, since in that case the deviation
of vTs and vNT˜ tends to zero for large Ts. Also note that
in the limit (3) of interest here, we have δω2Ts =constant,
and thus δω2 → 0 and δω2T → 0. In this limit we
will take N → ∞, albeit with the condition δω2T˜ =
δω2NT → 0, which implies
N
T
Ts
→ 0. (8)
This could be satisfied with, e.g., N ∼ (Ts/T )1/2, or N ∼
log(Ts/T ). By writing t = t0 + jT˜ + t˜, with 0 ≤ t˜ ≤ T˜ ,
in each integral appearing in the right side of (7), the
external action driving the instantaneous velocity v(t)
can be written as
F (t) = f
(
ω1t;
p
q
ω1t+ δω2t+ θ
)
= f
(
ω1t;
p
q
ω1t+ θ˜j + δω2t˜
)
, (9)
where θ˜j ≡ θ0 + (δω2T˜ )j. Since |δω2|t˜ < |δω2|T˜ → 0,
for small enough |δω2|, the driving (9) in the time in-
terval tj ≤ t ≤ tj + T˜ , with tj = t0 + jT˜ , can be well
approximated by
f
(
ω1t;
p
q
ω1t+ θ˜j
)
, (10)
i.e., the driving associated to the periodic case vpq(θ˜j). In
the case the velocity does not depend on the initial con-
dition, then vpq(θ) is well defined, and for large enough
Ts (i.e., large T˜ ), we can approximate the finite-time in-
tegral with its value for periodic driving,
1
T˜
∫ tj+T˜
tj
dt v(t) ∼ vpq(θ˜j). (11)
This expression is then exact in the limit considered here,
i.e. Ts →∞, δω2Ts =constant, leading to
vTs ∼
1
δω2Ts
∑
j
∆θ˜ vpq(θ˜j) ∼ 1
δω2Ts
∫ θ0+δω2Ts
θ0
dθ˜ vpq(θ˜),
(12)
where ∆θ˜ = θ˜j − θ˜j−1 = δω2T˜ . This completes the proof
for the case the particle’s velocity is independent of the
initial conditions. Equation (4) thus holds in dissipative
or noisy systems where the infinite-time current vpq is
well defined, that is, independent of the initial conditions.
For a Hamiltonian classical system, additional averaging
over initial conditions would be required [2].
IV. QUANTUM SYSTEMS AND FLOQUET
THEOREM
In non-dissipative quantum systems, there is usually a
strong dependence on the initial conditions. Thus, the
procedure used in the classical case does not in general
apply. In particular, the approximation (11), which re-
quires the infinite-time current under periodic driving to
be independent of the initial conditions, does not neces-
sarily hold—and in consequence neither does the expres-
sion (4) for the finite-time current under generic driving.
In this Section we show how the results for the classical
case can be extended to the quantum regime. This will
require taking the initial conditions into account.
A. Bloch states in driven systems
In a spatially periodic system, Bloch states form a basis
of the Hilbert space. Thus we can restrict our analysis
to initial conditions consisting of a single Bloch state.
The quantum dynamics for the general case can then be
determined by invoking the superposition principle.
The system of interest here is the extension to the
quantum case of the classical system considered previ-
3ously. The quantum dynamics is described by the Hamil-
tonian
H = p
2
2m
+ V (x)− F (t)x, (13)
where p is the particle’s momentum operator, V (x) is the
space-periodic potential, with period L, and F (t) is an
arbitrary time-dependent drive, not necessarily periodic.
The Hamiltonian (13) does not commute with the
translation operator TL,
TLψ(x, t) = ψ(x+ L, t), for all ψ(x, t), (14)
because of the presence of the time-dependent drive F (t).
Thus, Bloch states are not eigenfunctions of the Hamil-
tonian. Following a standard approach [5], we perform
the following gauge transformation
ψ˜(x, t) = e−iA(t)x/h¯ψ(x, t), (15)
with
A(t) =
∫ t
t0
dt′F (t′), (16)
which yields a transformed Hamiltonian H˜
H˜ = [p+A(t)]
2
2m
+ V (x), (17)
which commutes with TL. Therefore, the system wave-
functions ψ˜(x, t) can be written as superpositions of
Bloch states ψ˜k(x, t) with quasimomentum h¯k , that is,
of states with the form,
ψ˜k(x, t) = e
ikxuk(x, t), where
uk(x+ L, t) = uk(x, t) for all x. (18)
The wave number k can always be taken within the first
Brillouin zone, i.e. −π/L ≤ k ≤ π/L.
Finally, we recall the important result that if the initial
condition ψ(x, t0) is a Bloch state with wave number k0,
then at any time the system state ψ(x, t) is also a Bloch
state (i.e., an eigenstate of TL), but with a modified wave
number given by
k(t) = k0 +
1
h¯
∫ t
t0
dt′F (t′). (19)
This result will be used for the calculation of the finite-
time current in a quantum system. It can be readily
proven by using the fact that the gauge transformed
Hamiltonian H˜ commutes with TL.
B. Floquet-Bloch states
For a time-periodic driving, indicated here by Fpq, with
period T , i.e., Fpq(t + T ) = Fpq(t) for all t, the Floquet
theorem allows one to simplify the theoretical treatment.
While this does not directly apply to the case of quasi-
periodic driving of interest here, Floquet states will come
into play in the derivation of the velocity under quasi-
periodic driving. We thus recall the main concepts which
will be used in the following.
The Floquet theorem states that a periodically driven
quantum system has a complete set of solutions of the
form ψ(x, t) = exp(−iǫt/h¯)ϕǫ(x, t), with ϕǫ(x, t + T ) =
ϕǫ(x, t) for all t, where ǫ are the quasienergies, which can
be taken within the First Brillouin zone, −h¯ω/2 < ǫ <
h¯ω/2, with ω = 2π/T .
Let us assume that the periodic driving force is unbi-
ased, ∫ t0+T
t0
dt Fpq(t) = 0. (20)
Then, the gauge transformation (15) yields a time-
periodic function A(t), and thus the transformed Hamil-
tonian H˜ is also a time-periodic —in addition to be space-
periodic. We are then entitled to write a complete set of
solutions, Bloch-Floquet states, of the form
ψ˜k,n(x, t) = e
−iǫn(k,θ)t/h¯ϕ˜k,n(θ, x, t),
ϕ˜k,n(θ, x, t) = e
ikxφk,n(θ, x, t), (21)
where
φk,n(θ, x + L, t) = φk,n(θ, x, t) = φk,n(θ, x, t+ T ), (22)
for all x and t, and n is an additional quantum number
needed to label the states. Note that the initial condition
is the same for the gauge transformed problem and the
original one, ψ˜(x, t0) = ψ(x, t0). The functions φk,n(x, t)
are space periodic, so we will assume them to be normal-
ized within a single period,
∫ L
0 dx|φk.n(x, t)|2 = 1.
C. Asymptotic finite-time velocity
For a periodic driving, the particle velocity can be writ-
ten in terms of Floquet-Bloch states, with the average
current vn(k, θ) in the (n, k) Floquet-Bloch state written
as
vn(k, θ) =
1
T
∫ t0+T
t0
dt
∫ L
0
dxψk,n(x, t)
∗
×
(
− h¯
im
∂
∂x
)
ψk,n(x, t), (23)
where we highlighted the dependence on the driving
phase θ.
We now consider a generic bi-harmonic driving, not
necessarily periodic. We fix the frequency ω1 and con-
sider a frequency ω2 in the neighbourhood of ω1p/q. We
thus restrict the analysis to a small driving frequency de-
viation δω2 = ω2−ω1p/q, that is, within the asymptotic
limit defined by Eq. (3).
4The derivation for quasi-periodically driven quantum
systems follows the same strategy as for the classical case:
the interval Ts is divided in many large sub-intervals of
length T˜ , with the driving approximated by a periodic
one within each sub-interval.
For the sake of simplicity, we are going to assume in
the following that the initial condition ψ(x, t0) is a Bloch
state with wave number k0, the superposition principle
allowing for generalisation. At a later time tj = t0 + T˜ j,
where T˜ is a large multiple of T (though much smaller
than Ts), we know from (19) that ψ(x, tj) is a Bloch state
with wave number
kj = k0 +
∫ tj
t0
dt′F (t′)/h¯. (24)
During the time interval T˜ after tj , the driving force F (t)
can be well approximated by its periodic counterpart,
Fpq(t) = f
(
ω1t;
p
q
ω1t+ θ˜j
)
, (25)
corresponding to the driving phase
θ˜j = θ + δω2tj . (26)
Therefore, by using the gauge transformation
Aj(t) =
∫ t
tj
dt′Fpq(t
′), (27)
the state within the interval T˜ can be described as a
superposition of Floquet-Bloch states of the form (21)
with k = kj and θ = θ˜j . Note also that since the periodic
driving force is unbiased, Aj(t) =
∫ t
t0
dt′Fpq(t
′) = A(t).
If T˜ is large enough (see [5] and Appendix A), the
average current within that time interval can be approx-
imated by their Floquet values, without interference be-
tween Floquet-Bloch states,
1
T˜
∫ tj+T˜
tj
dt v(t) ∼
∑
n
|Cn|2 vn
(
k0 +
∫ tj
t0
dt′F (t′)/h¯, θ˜j
)
,
(28)
where Cn(θ˜j) = 〈ϕ˜kj ,n(tj)|ψ(tj)〉 is the projection of the
system wavefunction on the (n, kj) Floquet-Bloch state
of the periodic case with driving phase θ˜j . In Appendix A
we show that interference effects between Floquet-Bloch
states in time-periodic systems decay as the inverse of the
observation time. Furthermore, we prove in Appendix B
that the absolute square of the coefficients Cn remain
invariant with time in the asymptotic limit considered
here, that is,
|Cn(θ˜j)|2 ∼ |Cn(θ0)|2 for all j (δω2 → 0). (29)
In other words, in this limit, the probability to be in a
certain Floquet state is not affected by the probability of
being in other states, remaining constant in time.
The expressions (28)–(29) are the quantum case equiv-
alent of the approximation (11) derived in the classical
case. The contribution from the different sub-intervals
can then be summed up, in complete analogy with the
classical case, to give
vTs ∼
1
δω2Ts
∫ θ0+δω2Ts
θ0
dθ˜
∑
n
|Cn|2
×vn
(
k0 +
∫ t0+T⌊ θ˜−θδω2T ⌋
t0
dt′F (t′)/h¯, θ˜
)
, (30)
where T = 2πq/ω1 and |Cn|2 = |〈ϕ˜k0,n(t0)|ψ(t0)〉|2.
Therefore, in the quantum driven system, the finite-time
current can be described by the current of Floquet states,
with a population |Cn|2 that only depends on the distri-
bution of Floquet states at initial time.
Equation (30) is for a system that starts with ψ(x, t0)
being a Bloch state with wave number k0. For an ar-
bitrary initial condition we need only to replace Cn by
Ck0,n and add a sum over all initial wave numbers k0,
vTs ∼
1
δω2Ts
∫ θ0+δω2Ts
θ0
dθ˜
∑
k0,n
|Ck0,n|2
×vn
(
k0 +
∫ t0+T⌊ θ˜−θδω2T ⌋
t0
dt′F (t′)/h¯, θ˜
)
. (31)
V. NUMERICAL VALIDATION
The validity, in the asymptotic limit, of the expres-
sions (30) and (31) was confirmed by comparison with
the numerical solution of the Schro¨dinger equation.
In the numerical calculations, we have considered the
following periodic potential
V (x) = V0 cos(2πx/L), (32)
and the following biharmonic driving force
F (t) = F1 cos(ω1t) + F2 cos(ω2t+ θ). (33)
Reduced units are defined such thatm = 2π/L = 5h¯ = 1,
and initial time fixed to t0 = 0. The time-dependent
Schro¨dinger equation is solved numerically, for each ini-
tial wave number k0, using a standard spectral algorithm
[11], with a spatial mesh of 128 grid points.
In all cases, the asymptotic prediction (30) or (31) is
computed numerically by calculating the Floquet states
at each θ˜j , with a driving phase step ∆θ˜j = 0.01. The
Floquet states are determined by finding the eigenstates
of the evolution operator. Figure 1 shows an example for
a quantum ratchet starting from a uniform wave function,
i.e. a momentum eigenstate with wave number k0 = 0.
In Fig. 2 we show the results for a quantum parti-
cle that starts from a Gaussian wave packet with a mo-
mentum distribution about h¯k¯0, with k¯0 = −0.3, and
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FIG. 1. Finite-time average velocity as a function of the sec-
ond driving frequency ω2 for a spatially symmetric (32) quan-
tum ratchet subject to the time-asymmetric biharmonic force
(33), with V0 = 1, F1 = F2 = ω1 = 2, and θ = −pi/2, start-
ing from ψ(x, 0) =constant, i.e. a momentum eigenstate with
wave number k0 = 0. The solid line is the prediction of the
asymptotic expression (30) based on Floquet states for the pe-
riodic case ω2 = 2ω1, and the points correspond to different
observation times.
-2 -1 0 1 2
(ω2−2ω1)Ts
0.001
0.0012
0.0014
0.0016
〈v〉 T
s
 / T = 104
T
s
 / T = 105
-300 -200 -100 0 100 200 300
position x
0
0.002
0.004
0.006
0.008
|ψ(
x,0
)|2
FIG. 2. Finite-time average velocity as a function of the sec-
ond driving frequency ω2 for a system with the same param-
eters as in Fig. 1, starting from a Gaussian wave function,
Eq. (34), (the top panel shows the initial probability density
in space) with average initial momentum h¯k0 = −0.06. The
solid line is the prediction of the asymptotic expression (31),
and the points correspond to different observation times.
a momentum dispersion of σp = h¯σk, with σk = 0.01.
More specifically, the initial condition is a superposition
of N0 = 10 momentum eigenstates between ka = −0.35
and kb = −0.26, (for reference, the minimum of the Bril-
louin zone is kmin = −π/L = −0.5),
ψ(x, 0) = A0
N0∑
j=1
eikjx√
2π
exp[−(kj − k¯0)2/4σ2k], (34)
where kj = ka + (j − 1)∆k, ∆k = (kb − ka)/(N0 −
1), and A0 is a normalization constant, given by
A0 = ∆k/(2πσ
2
k)
1/4. The top panel of Fig. 2 shows
the spatial distribution. Despite using only 10 plane
waves, the deviation from a Gaussian |ψ(x, 0)|2 =
exp[−x2/2σ2x]/
√
2πσ2x, with σx = 1/(2σk), is not appre-
ciable in the plot.
For both cases of an initial single Bloch state, and of
a superposition state, the numerical results are in excel-
lent agreement with the theoretical prediction, with the
agreement improving for increasing interaction time, as
expected.
The results of Figs. 1 and 2 prove the validity of the
asymptotic expressions (30) and (31), thus validating our
approach for the theoretical treatement of quasiperiodi-
cally driven quantum systems. These results also extend
to the quantum regime the universal asymptotic scaling
already identified in the classical case.
VI. CONCLUSIONS
In this work we considered a quasi-periodically driven
quantum system, with the driving consisting of two har-
monics with incommensurate frequencies. Due to the
non-periodic nature of the driving, the standard theo-
retical framework of Floquet states does not directly ap-
ply. We consider the asymptotic long-time limit of the
system’s dynamics, as it is in this limit in which quasi-
periodic system exhibits features distinct from its peri-
odic counterpart. Also, it is known from the classical
case that in such a limit we can expect universal scaling,
independent of the system specific details. A theoreti-
cal framework, based on Floquet states of nearby peri-
odic situations, which applies to quasi-periodically driven
quantum systems in such a limit, is developed, and an
expression for the asymptotic scaling of relevant quanti-
ties for the system at hand is derived. These expressions
were tested numerically, finding excellent agreement for
the finite-time average velocity in a prototypical quantum
ratchet consisting of a space-symmetric potential and a
time-asymmetric oscillating force.
ACKNOWLEDGMENTS
We acknowledge financial support from the Ministe-
rio de Economa y Competitividad of Spain, Grant No.
FIS2016-80244-P.
Appendix A: Floquet states expression of the
finite-time asymptotic velocity under periodic
driving
In this appendix we show that for a periodically driven
quantum system the asymptotic velocity can be ex-
pressed as the weighted sum of the average velocity as-
sociated with the different Floquet states, each weighted
with the relative population, and without interference be-
tween them. This result was first discussed in Ref. [5].
In addition, we show that the interference terms decay as
the inverse of the observation time, in agreement with the
observation of no interference in the infinite-time limit.
6We restrict ourselves here to the periodic case, F (t +
T ) = F (t), T = 2πq/ω1, and consider the finite-time
current
vTs =
1
Ts
∫ t0+Ts
t0
dt
〈p〉(t)
m
, (A1)
where 〈p〉(t) = 〈ψ(t)|pˆ|ψ(t)〉, pˆ = −h¯i∂/∂x. The solu-
tion |ψ(t)〉 can be expanded in Floquet states |ψα(t)〉 =
exp(−iǫαt/h¯)|ϕα(t)〉, where α is a set of quantum in-
dexes, e.g. α = {k, n}, and |ϕα(t + T )〉 = |ϕα(t)〉 —see
Sec. IVB,
|ψ(t)〉 =
∑
α
Cα|ψα(t)〉. (A2)
Thus
vTs =
1
Ts
∑
α
∑
α′
C∗αCα′
∫ t0+Ts
t0
dt
× exp
[
− it(ǫα′ − ǫα)
h¯
]
pαα′(t)
m
, (A3)
where pαα′(t) = 〈ϕα(t)|pˆ|ϕα′(t)〉 = pαα′(t + T ). In the
limit Ts → ∞, the integral in (A3) becomes the Fourier
transform of a periodic function, which is only different
from zero at the frequencies (ǫα′ − ǫα)/h¯ that are an
integer multiple of ω = 2π/T . Since the quasienergies
are restricted to the first Brillouin zone, |ǫα′ − ǫα| < h¯ω,
the integral in (A3) is non-zero only when ǫα′ = ǫα.
If we assume that there is no degeneracy in the distri-
bution of Floquet states, we find
vTs ∼
∑
α
|C2α|vα (Ts →∞), (A4)
where vα is the average current associated with the Flo-
quet state α. This is the result used in the main body of
the present work.
Note that there is usually no degeneracy for a fixed
quasimomentum h¯k. Degeneracy due to states with dif-
ferent k does not produce interference, because states
with different quasimomentum are perpendicular (they
are eigenstates with different eigenvalues of a Hermitian
operator, a translation operator), and the action of the
momentum operator produces another Bloch state with
the same quasimomentum,
pˆ ψ,nk(x, t) = pˆe
kxiuk,n(x, t)
=
h¯
i
ekxi
(
kiuk,n(x, t) +
∂
∂x
uk,n(x, t)
)
,(A5)
because uk,n is space periodic, i.e. uk,n(x + L, t) =
uk,n(x, t), and thus so is its spatial derivative. There-
fore, pαα′(t) = 0 for α and α
′ denoting Bloch states with
different quasimomentum.
Moreover, explicit analytical expressions can be easily
found for the interference terms in the periodic finite-
time current (A3). For two states α and α′ with different
quasi-energy, taking advantange of the periodicity of the
functions pαα′(t), and using Ts = NT , we find
1
Ts
∫ t0+Ts
t0
dt exp
[
− it(ǫα′ − ǫα)
h¯
]
pαα′(t)
m
=
1
Ts
N−1∑
j=0
∫ t0+T (j+1)
t0+Tj
dt exp
[
− it(ǫα′ − ǫα)
h¯
]
pαα′(t)
m
=
1
T
∫ t0+T
t0
dt exp
[
− it(ǫα′ − ǫα)
h¯
]
pαα′(t)
m
Dα,α′ , (A6)
where
Dα,α′ =
1
N
N−1∑
j=0
exp
[
− iT (ǫα′ − ǫα)
h¯
]j
(A7)
is just a geometric series, and thus easy to compute, yield-
ing
Dα,α′ =
1
N
1− exp [−iTN(ǫα′ − ǫα)/h¯]
1− exp [−iT (ǫα′ − ǫα)/h¯] . (A8)
Therefore, in the limit N → ∞, we obtain, from (A8),
|Dαα′ | ∼ 1/N , and thus the integral (A6) decays as 1/Ts
as Ts → ∞. Even if (ǫα′ − ǫα)T/h¯ is very small, by
expanding the exponential in the denominator, we arrive
to |Dαα′ | <∼ 2(N(ǫα′ − ǫα)T/h¯)−1, thus the condition
(ǫα′−ǫα)Ts/h¯≫ 1 guarantees the absence of interference
between those two Floquet states.
Appendix B: Asymptotic time-independence of the
Floquet state distribution under quasi-periodic
driving
We show here that the projection of the wave function
ψ(x, tj) on the Floquet states ϕ˜kj ,n(x, tj), i.e. Cn(θ˜j) =
〈ϕ˜kj ,n(tj)|ψ(tj)〉, remains constant in time in absolute
value, provided we are within the stated asymptotic limit,
that is δω2T˜ → 0. As we show below, this feature can
be traced back to a highly oscillating behavior of Cn as
a function of θ˜j .
First, we write the evolution over a timestep using the
evolution operator U over the interval tj < t < tj+1,
|ψ(tj+1)〉 = U(tj+1, tj)|ψ(tj)〉. (B1)
Since in this interval the driving force F (t) can be well ap-
proximated by its periodic counterpart Fpq(t), Eq. (25),
we can write the evolution operator in the lowest orders
in δω2T˜ = ∆θ˜ as
U(tj+1, tj) = (1 + ∆θ˜ Wj)Upq(tj+1, tj) +O(∆θ˜2), (B2)
where Upq is the evolution operator associated with the
periodic driving Fpq(t), andWj an operator that depends
on θ˜j . It is easy to show that the fact that U is an
7unitary operator, U †U = U †U = 1, implies that Wj is
anti-adjoint
W †j = −Wj . (B3)
Note that the Floquet theorem implies |ϕ˜k,n(θ, tj)〉 =
|ϕ˜k,n(θ, t0)〉. We recall that |ψ(tj)〉 is a Bloch state with
a wave vector kj that depends on time, as per Eq. (19)
or (24), and thus kj can be expressed as a function of
the phase θ˜j via (26). After the appropriate gauge trans-
formation Aj(t), as per (27), we deal with Floquet-Bloch
states with θ = θ˜j . We aim to express the Floquet-Bloch
states |ϕ˜kj+1,n(θ˜j+1, t0)〉 at tj+1 in terms of the states
|ϕ˜kj ,n(θ˜j , t0)〉 at time tj via a Taylor expansion in the
first order in ∆θ˜. Since the states ϕ˜k(θ),n(θ, x, t0) are ex-
pected to vary smoothly with θ, we can Taylor expand
the Floquet-Bloch states at tj+1,
|ϕ˜kj+1,n(θ˜j+1, t0)〉 = |ϕ˜kj ,n(θ˜j , t0)〉+
∆θ˜|ϕ˜′kj ,n(θ˜j , t0)〉 +O(∆θ˜2), (B4)
where the prime denote the derivative with respect to θ
|ϕ˜′k,n(θ, t0)〉 =
∂
∂θ
|ϕ˜k(θ),n(θ, t0)〉, (B5)
being in (B4) calculated at θ = θ˜j . By differentiating the
orthonormalization condition
〈ϕ˜k(θ),n(θ, t0)|ϕ˜k(θ),n′(θ, t0)〉 = δn,n′ , (B6)
we find
〈ϕ˜′k,n(θ, t0)|ϕ˜k,n′ (θ, t0)〉 = −〈ϕ˜′k,n′(θ, t0)|ϕ˜k,n(θ, t0)〉∗.
(B7)
Combining (B2) and (B4) into Cn(θ˜j+1) yields
Cn(θ˜j+1) = Cn(θ˜j)e
−
ǫn (˜θj)T˜ i
h¯ +
∆θ˜
∑
n′
an,n′(θ˜j)Cn′ (θ˜j)e
−
ǫ
n′
(˜θj )T˜ i
h¯ +O(∆θ˜2),
(B8)
where
an,n′(θ˜j) = 〈ϕ˜kj ,n(θ˜j)|Wj |ϕ˜kj ,n′(θ˜j)〉+
+〈ϕ˜′k,n(θ, t0)|ϕ˜k,n′ (θ, t0)〉. (B9)
Equation. (B3) and (B7) imply
an,n′(θ˜j) = −an′,n(θ˜j)∗. (B10)
The quantities ǫn(θ˜j)T˜ /h¯ appearing in the exponen-
tials of Eq. (B8) are not small, indeed they are respon-
sible for large phase oscillations in the coefficients Cn at
every step. In order to obtain a smoother equation for
small ∆θ˜, we need first to transform to the following set
of coefficients C˜n, which differ from Cn on a phase,
C˜n(θ˜) = Cn(θ˜) exp
[
i
∫ θ˜
θ0
dθ′
ǫn(θ
′)
h¯δω2
]
, (B11)
yielding
C˜n(θ˜j+1) = C˜n(θ˜j) + ∆θ˜
∑
n′
an,n′(θ˜j)C˜n′ (θ˜j)
×e−
∫
θ˜j+∆θ˜
θ0
dθ′ i
ǫ
n′
(θ′)−ǫn(θ
′)
h¯δω2 +O(∆θ˜2).(B12)
Equation (B12) shows that C˜n(θ˜j+1) → C˜n(θ˜j) in the
limit ∆θ˜ → 0. Therefore, unlike Cn, the coefficients C˜n
vary smoothly at each step. After taking the limit ∆θ˜ →
0 in (B12), we arrive at
∂
∂θ
C˜n(θ˜) =
∑
n′
an,n′(θ˜)e
−i
∫
θ˜
θ0
dθ′
ǫ
n′
(θ′)−ǫn(θ
′)
h¯δω2 C˜n′(θ˜).
(B13)
It can be readily checked that the solution of (B13) is
given by
C˜n(θ˜) =
∑
n′
(
eS(θ˜)
)
n,n′
Cn′(θ0), (B14)
where
S(θ˜)n,n′ =
∫ θ˜
θ0
dθ′ an,n′(θ
′)e
−i
∫
θ′
θ0
dθ′′
ǫ
n′
(θ′′)−ǫn(θ
′′)
h¯δω2 ,
(B15)
and we have used the fact C˜n(θ0) = Cn(θ0). From (B10),
it is clear that S is anti-adjoint,
Sn,n′(θ˜) = −Sn′,n(θ˜)∗. (B16)
Following the standard procedure used for Hermitian ma-
trices, it is then easy to show that all eigenvalues of S
are imaginary, and its eigenvectors are, or can be chosen
as, orthonormal.
The expressions (B14)—(B16) are the central results
in this section.
In the limit δω2 → 0, the exponential in (B15) is a
highly oscillatory function that makes off-diagonal terms
of S negligible against the diagonal terms, where the ex-
ponetial is absent. Since the diagonal terms are purely
imaginary, Eq. (B16), we arrive at the simple prediction
|Cn(θ˜)|2 ∼ |Cn(θ0)|2 for all θ˜ (δω2 → 0). (B17)
This means that the distribution of Floquet-Bloch states,
i.e.,the populations |Cn(θ˜)|2, remain constant throughout
the process, being unaffected by the population of differ-
ent Floquet-Bloch states —though present as a phase fac-
tor in Cn(θ˜). This is due to the highly oscillatory phases
in the off-diagonal terms of S in the limit δω2 → 0.
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